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KINETIC ART: APPLICATION 
OF ABSTRACT ALGEBRA TO 
OBJECTS WITH COMPUTER- 
CONTROLLED FLASHING LIGHTS 
AND SOUND COMBINATIONS 

Vladimir Bona6ic* 
Abstract-The author describes three schemes for using digital computers for artistic 
purpose. He is sceptical of the attempts to produce computer art with commercially 
available display equipment and through play with randomness and by the deliberate 
introduction of errors in programs prepared for nonartistic ends. He favors the approach 
in which art objects are controlled by a computer with feedback from a viewer to the 
object or to the computer or both. 

He describes his kinetic object with flashing white lights in which the sequence of patterns 
is controlled by a special purpose computer for generating fields of abstract algebra or 
Galois fields. 

The second object he describes is more complex in that the frontal panel of flashing 
lights is made as a relief; colored light is used; the sequence of Galois field patterns can 
be changed in rhythm; and sound combinations corresponding to the patterns can be 
produced by the object. 

The mathematics of Galois fields generated by polynomial equations that was used for 
determining the sequence of patterns in the objects is described. One of the most interesting 
aspects of this work is the demonstration of the different visual appearance of the patterns 
resulting from the polynomials that had not been noted before by mathematicians who 
have studied Galois fields. 

I. INTRODUCTION 

Up to the present time art produced with the aid 
of digital computers has depended mainly on the 
use of commercially available display equipment 
such as line printers, plotters and cathode ray 
tubes [1-12] (Fig. l(a)). I find that this is akin to 
an artist being limited to the use of only two or 
three colours in a painting. It is true that much 
can be done with such equipment but one can hope 
that ways will be found to take better advantage 
of computers. I am especially sceptical of the 

attempts to produce computer art through play 
with randomness and the deliberate introduction 
of errors in programs prepared for non-artistic 

purposes. Dedalus, in James Joyce's novel, Portrait 

of the Artist as a Young Man, debates the question 
of whether an object made by hacking in fury at a 

piece of wood results in an object of art. Even if 
one grants the possibility of arriving at an art object 
through the use of chance effects or of the arbitrary 
limitations of available computer programs, it 

appears to me that this is neither the best method 
nor even a promising approach for artists. 

* Computer scientist and artist (on leave to the Bezalel 
Academy of Arts and Design, Jerusalem, from Rudjer 
Boskovic Institute, Zagreb, Yugoslavia), P.O. Box 3672, 
Jerusalem, Israel. (Received 2 January 1973.) 
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Fig. 1. Three schematic diagrams of the possible use of a 
digital computer fbr the production of visual art. 
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Another way of making use of a computer in art 
is shown schematically in Fig. l(b). Instead of 
using the presently available display equipment, the 
object is built and then controlled with the help of 
a computer [13-16]. The interaction of a viewer 
with an art object may be done by, for example, 
remote control. The fact that the dimension of 
time is a key factor in objects of a kinetic art type 
makes it possible to give artistic expression to 
visual and auditory experiences, perhaps of more 
significance than those that can be made by com- 
puter display methods that have been commonly 
used (Fig. l(a)). 

A further possible approach to computer art is 
shown in Fig. l(c). Through additional feedback 
connections, for example, an electroencephalo- 
graphic technique of tapping brain waves, it may 
be possible to obtain an even more subtle inter- 
action with a heuristic program in addition to those 
obtained by means of the usual visual and auditory 
inputs. The feedback loop might be closed with an 
aesthetic output to an art object, which would then 
provide semantically relevant information to a 
viewer. I believe that such interactions will add to 
cognition, which will be reflected in language and 
perhaps provide improved means of communica- 
tion [17, 18]. Discussions of the use of brain waves 
for artistic purposes can be found in Refs. 19 and 
20. 

It should be noted that the patterns of informa- 
tion that are semantically significant to the human 
nervous system do not always bear a readily verfi- 
able mathematical counterpart in conventional 
symbolic notation. I have used in the work des- 
cribed in this article two types of pictorial repre- 
sentation instead of conventional symbolic methods 
generally used in mathematics [21, 22]. Some of 
these patterns (Figs. 2 and 3) represent orbits of 
finite fields of abstract algebra or Galois fields. 
E. Galois studied them by means of polynomial 
equations (cf. Appendix I) [23-28]. These poly- 
nomials are generators of Galois fields. If one 
compares in Fig. 3 patterns a to d, on the left, 
with those designated e to h, on the right, orne 
notices that they have a clearly different visual 
appearance. This difference in the visual character 
of the orbits is difficult to anticipate from a con- 
sideration of the polynomials that symbolically 
express them and they were not, to the best of my 
knowledge, noted by mathematicians who study 
Galois fields. 

II. APPLICATION OF GALOIS FIELDS TO 
KINETIC COMPUTER-ART OBJECTS 

Kinetic objects making use of flashing lights have 
been described in Leonardo [20, 29]. If the flashing 
rate exceeds about 60 per second, the observer 

kD) ur 

\c) \gJ 

(d) (h) 
Fig. 2. Examples of patterns representing characterristic 

orbits of Galois fields. 

cannot obtain a meaningful perception of images 
or patterns presented. [If the flashing rate is near 
the frequency of Alpha brain waves, the observer 
undergoes visual illusionary effects and those 
suffering from epilepsy are greatly affected [20]. 
Ed.] 

1. 'Dynamic Object GF.E 32-S69/70' 
Four consecutive symmetrical patterns generated 

by this object are shown in Fig. 4 (cf. Appendix 11). 
The frontal panel is built of a 32 x 32 matrix of 
squares, which are illuminated with electric light 
bulbs. The synchronous selective flashing of the 
1024 squares produces the patterns. The squares 
represent Galois field elements. The flashing is 
controlled by a Galois field generator with whose 
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Fig. 3. Examples of patterns representing characteristic 
orbits of Galois fields. 

help maximal difference between successive patterns 
is maintained. This maximization of differences 
enables one to distinguish between the successive 
patterns in the sequence, which change at the rate 
of one pattern every two seconds. The total number 
of symbolic structures is 232. At the rate of change 
used, the same pattern will repeat only after 274 
years, 140 days, 12 hours, 32 minutes and 20 
seconds. 

The dimensions of the object are 64 x 64 x 12 
cm. It has electric light bulbs whose lifetime has 
been significantly prolonged by the use of special 
electronic circuitry. The field generators are part 
of the special purpose computer located inside the 
object. The unit is self-contained and performs the 
generation of the Galois fields. The object has a 

i.,tt:i 4 ;' ti - ,n 
tl ' 

: ; 1 !' ii 
? 

/it-, 
; t': 

. itliil, 

. t~ t f 
i. 

variable clock that allows the observer to control 
the speed of the pattern changes with periods 
ranging between 0-1-5 sec. On the rear of the 
object there are manual controls to start, stop, 
control the speed and for selecting or reading out 
any of the patterns. With the binary notation, 
32 light indicators and 32 push buttons enable any 
pattern from the sequence to be read or set. 

2. 'Dynamic Object GF.E (16, 4) 69/71' 
A more complex artistic experience than pro- 

vided by the first object described above can be 
provided if the frontal panel is made as a relief, 
colored light is used, the patterns are flashed 
rhythmically and sound combinations are incor- 
porated. This I have done in 'Dynamic Object 
GF.E (16, 4) 69/71', which also makes use of light 
patterns controlled by a Galois field generator. 
This object is shown in Fig. 5. 

The frontal panel, a relief structure, is a 32 x 32 
matrix of 4-5 x 4-5 cm. squares. The overall 
dimensions are 178 x 178 x 20 cm. and the object 
weighs about one-half ton. The squares are trans- 
parent colored glass at the end of tubes of the 
length 8, 12, 16 and 20 cm. and they are illuminated 
by flashing electric light bulbs within the tubes 
(Fig. 6, cf. color plate). There are 16 different colors 
and 16 squares of the same color flash simul- 
taneously in one plane. The sequence of flashes 
from plane to plane is controlled by a Galois field 

a c 

Fig. 4. Four consecutive patterns generated by 'Dynamic 
Object GF. E32-S69/70'; flashing lights controlled by a 

computer program, 64 x 64 x 12 cm., 1969-1970. 
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Fig. 5. 'Dynamic Object GF.E (16, 4) 69/71', kinetic art 
object with flashing lights controlled by a computer program, 

178 x 178 x 20 cm., 1969-1971. 

generator and the sequence of flashes in the four 
planes is controlled by another generator. A light 
will flash only when directed to do so by both 
generators. The rhythm of the changing patterns is 
controlled by a third Galois field generator. 

For each color in a given plane a tone oscillator 
is provided. Since there are 16 colors in each plane, 
there are also 16 different tones and there are two 
octaves of tones in each of the four planes (Table 1). 
The field generator that controls the sequence of 
flashes in a plane also controls the sounding of the 
tones and the same generator that controls flashes 
from plane to plane also controls the sounding of 
tones separated by octaves in the four planes. A 
tone will be sounded by an oscillator only when 
directed to do so by both generators, as in the case 
of the light flashes. The maximalization of differ- 
ences between visual patterns takes place also in the 

case of combinations of tones. The patterns and 
combinations are, therefore, intrinsically inter- 
woven. 

So far a satisfactory notation for electronic music 
has not been developed. I have, therefore, 
developed a notation that is inherent for the 
program used. Instead of the octaves of the 
tempered scale, I have simply doubled frequencies 
of each succeeding octave. The tone combinations 
are controlled by sophisticated mathematical rela- 
tions, which can be expressed by the notation 
selected. Hearers of the sounds produced by the 
object have told me that they find them pleasant. 

The total number of visual patterns and of tonal 
combinations that can be produced is 216 x 24, 
where the exponents correspond to the 16 x 16 
matrix in each plane and to the four planes, respec- 
tively. If the rhythm generator, which controls 
both the lights and the sound oscillators, causes 
changes every two seconds on the average, then 
the same visual pattern and its corresponding 
combination of tones will repeat only every 24 
days, 6 hours, 32 minutes and 32 seconds. 

A general purpose computer was used to help 
design the special purpose computer built within 
the object for controlling the patterns and tone 
combinations and their sequences. The electronic 
arithmeto-logical units for generating the Galois 
fields are physically separate from the object. 

The object can be controlled by a viewer either 
manually or by remote control to the extent of the 
volume of the sound, the speed of change from 
pattern to pattern, the replay of sequences, the 
rhythm of the patterns and the exclusion of some 
of the production of tones. The patterns and their 
sequence cannot be altered. 
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APPENDIX I 

GALOIS FIELD GF (2n) 

In abstract algebra finite fields are known as 
Galoisfields, named after E. Galois and studied by 
him in connection with his work on the roots of 
polynomial equations. It can be shown that for 
each prime number p and each positive integer n 
there is one and only one field with pn elements 
and that fields of such composition are the only 
finite fields that exist. The field of order p" is called 
the Galois field of order pn and is denoted by 
GF(p") [23-28, 30, 31]. 

The Galois field of 2n elements GF(2n) may be 
formed as the field of polynomials over GF(2), 
modulo P(x) = a . xn + an- . x"- + . . + 
a, [28, 29]. For example, if n = 4 and if the poly- 
nomial Pn (x) = x4 + x + 1, which is irreducible 
and primitive, then the coefficients of the 15 poly- 
nomials that are 15 nonzero field elements are as 
follows (Table 2): 

TABLE 2. 

1. 1000 9. 1010 
2. 0100 10. 0101 
3. 0010 11. 1110 
4. 0001 12. 0111 
5. 1100 13. 1111 
6. 0110 14. 1011 
7. 0011 15. 1001 
8. 1101 

In Table 3, below, the Galois field (24) is formed 
as the field of polynomials over GF(2), module 
reducible polynomial x4 + x2 + 1. The 15 non- 

zero elements are listed as three subsets or orbits, 
starting with elements 1000, 1100 and 1110, 
respectively. Pictorial representations of orbits of 

GF(2") modulo P,(x) are shown in Figs. 2 and 3. 

TABLE 3. 

1. 1000 
2. 0100 
3. 0010 
4. 0001 
5. 1010 
6. 0101 

13. 1110 
14. 0111 
15. 1001 

No. NBS (G)-150, 1972 and Israel Acad. of Sciences 
and Humanities grant No. 7255, 1973. 

33. M. Cimerman and V. Bonacic, Report on the Criteria 
for Classifying the Pseudo-random Digital Trans- 

7. 1100 
8. 0110 
9. 0011 

10. 1011 
11. 1111 
12. 1101 
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Fig. 7. Organization ofpatterns that determine the distribu- 
tion of colors. 

For the given orbit A = [aj]nxs of s elements, 
modulo Pn (x), the coordinates Zj (x' , y') , for 

j 1, 2, 3, ..., s, in pictorial representation are 
obtained as [21]: 

X' =X . A q= [Xi] qlxn ? [aj] nxs = [X'] qlxs 

Y' = Y . A = [Yi] q2xn . [aj] nxs [Y'j q2xs 
where q, = n - q2 

q2 = integer (n/2) 

Example: For an orbit of GF(24), modulo x4 + x2 
+ 1, starting with element 1000 (Table 3) and for 
X = [I , ] , Y- [O , I] , one obtains: 

100010- 

X' 1000ooo 010001 _ 1000101 
o0100] 001010 010001j 

000101J 
100010- 

0_ 0 rooio1 010001 _ rOO10101 
- oooJ 0001 1010 - L000101 

000101 J 

An orbit of the first six field elements in Table 3 
is shown represented in Fig. 10. For the same orbit 
another arrangement may be obtained by choosing 
different values of X and Y. 

Figure 3 shows pictorial representations for some 
polynomials Pn(x), where n = 10. From the total 

A = F, 
B = F2 
C = F, 
D= F, 

> 32 

OA 3B 2A 1B 

2, 1o 0c 3D 

1A 2B 3A OB 

3c 0D 1 2D 
v 
32 

0 3 1 2 I 1 

--t------ 1 21310 

I I 

Fig. 8 Organization of patterns that determine relief. 

number of 29 different polynomials the great 
majority have the structures as those shown in 
Fig. 3a, b, c and d, while a few of them have 
symmetrical structure as shown in Fig. 3e, f, g and 
h. Fig. 3e and f show orbits modulo x10 + -7 - 
x2 + 1, while Fig. 3g and h show orbits modulo 
x10 + X5 + X4 + x3 + x2 + + 1 . X and Y used 
were X- [I, ], Y [ ,I]. 

Some characteristic symmetrical structures for 
polynomials P,(x) , n = 4, 6, 8, 10, are given in 
Fig. 2. It is expected that more information about 
fields, structures and their relations can be obtained 
by means of pictorial representation [21]. 

APPENDIX II 

FURTHER DISCUSSION OF THE ART 
OBJECTS 

In the objects I have described, the relations 
among distinct residue classes of polynomials from 
GF(2m), module polynomial P,(x), can be ob- 
served. The relations are presented by means of 
two-dimensional patterns. The patterns are at 
maximal distance one from another; this is ob- 
tained by forming a field of polynomials GF(22"), 
over GF(2), modulo irreducible and primitive 
polynomial P2n(x) [28, 30, 31]. 

The polynomials Dm(x)j, , D,(x)j2 ... Dm(X)j 
are in the same residue class, module polynomial: 

Pn(x) = anxn + an Xn- i .. .+ alx + ao 

if 
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2"n = 16 

2"' (x) = X6+ xl2+ X3+x +1 

Irreducible and Primitive 

I ii i ---- I 1 

- -- - - - - - - - 

I I Gate 

I 2I (x) O i --- ----. __________...._____ - 2-(x)(-.2_ 
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-*k-- --- - --- - --- - - 
Matrix [16 x 4] M ual confl 1--* Manual control 

JUL Clock 

rUL Rhythm 

2n' (x) Setting of residue classes and tones 
2n2 (x) Setting of planes and octaves by 2 

Fig. 9. Setting of residue classes, tones and planes by 2. 

Dm(x)i . S(x) = Q(x)j . Pn(x) + R(x)ji for i = 1, 2,..., e 

and if 

R(x)j = R(x)j = ... = R(X). 

For any polynomial Pn(x) there is the associated 
mask Mp = [ki]nxm [32, 33], by which one can 
describe multiplication and division procedures for 
all the polynomials from GF (2m) in matrix nota- 
tion: 

R = Mp. D = [k,,...,k,,]. [d1,..., d2m] = [r1,..., r,m] 

where 

D = [d J 2,, and d e GF(2m) following in the natural 

order and 

R = [ in x 2f, and r. E GF(2n) 

1. 'Dynamic Object GF.E 32 - S 69/70' 

The raster for a frontal panel is accomplished as 
the two-dimensional presentation of the 2nd degree 
pattern and can be described as [22]: 

rl r2n+ 1 ..* 

F = 
[fi]nx2n = r2 .2n+2 

r2n r2n + ... r2 

An arbitrary field element from GF(22") is a 
polynomial of the form: 

T(x) = t2n 1 . x2n -- + .. + tl . x + to where ti e GF(2) 

If ti = 1 then the elements are set on the positions of those 
r for which 

rjl = rj2 = ... = rje= 

I 

amw0%m 

- - - I 
I I 

j/ I 
- F W 

- - - - - 

I 2 
Fig. 10. 

For this particular object, I had: 

n = 5, m =10 

as5 = = 1;a = a a = a2 = a2 = ao = 0 (reducible) 

Mp = [!T ]5x10 

D = [0,1,2, ...,1023] 

0 < rj < 31 

P2n(x) = X32 + X22 + x2 + x + 1 

(decimal) 

(decimal) 

(irreducible 
and 
primitive). 

The raster and some sequential patterns that are 
at maximal distance one from another are shown 
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in Fig. 4. The bulbs that correspond to the 
elements of a particular residue class, being set by 
ti, will light during the time determined by a clock. 
Inside the object there is an arithmetical unit that 
performs arithmetical operations (modulo an irre- 
ducible binary polynomial). The arithmetical unit 
has a variable clock ranging from 0 1 to 5 seconds. 

2. 'Dynamic Object GF.E (16, 4) 69/71' 

The raster for a frontal panel is accomplished 
as the two-dimensional presentation of one quarter 
of the 3rd degree pattern (Fig. 7) and can be 
described as [22]: 

F F1+ F2 + F3 + F4= 

r 0 

0 
r2 0 

=O O 

r2n 0 r22n 
O O0 ... 

0 0 r22n+ 1 ... 

0 0 

6 r22n+ 2n 0 

0 0 ... 

0 0 ... 

r2.22n+ 1 ? 

6 0 0 ( 
r2.2n 2n+ 2n 0 . 

0 0 ... 

0 0 0 r3.22n + 1 

6 o 
0 r3.22n+ 1 

where 

D == [D, D2, D3, D4] [ 

and dj e GF(2m) following 

[fi1 [fl 2 + [ fi+]3 + [fil]4 

0 
0 2n+l x 2n+l 

+ 
r2.22n 
0 

0 

, + 
) : 

r3.22n 0 

0 0 
0 r4.22n 

[]l , [ad2, [dj], [ [d]4],nx2m 
in a natural order and 

R = [R1, R2, R3, R4] - [[jD]i [ri]2 [rj]3 [-. L]nx2 

and rj E GF(2n) 

The relief H = [hi]2n+l x 2n+l of the frontal 

panel (Fig. 8) is obtained by transforming each 
element from F, so that an arbitrary element in 
the i-th row and the j-th column can be described: 

hi 
= . r - ii = 

[mij]vxn [pil]nxl 

The rhythm of the change of patterns is accom- 
plished by linear recurring sequence {ac} which 
satisfies the linear recurrence [34]: 

n 

Pn-i . ac-i = 0 
i - 

It is possible to choose a short or a long sequence. 

An arbitrary field element from GF(22n"), which 
controls light and sound tone, is a polynomial of 
the form: 

T(x) = t2n1_ . x2nl -1 + - ti . x + to 

where ti, e GF(2) 

If ti, = 1 then: 

(a) the elements are set on the position of those ri for 
which 
rl, = rj, ...- 

r 
= i1 

(b) the i1-th tones in all octaves are set. 

An arbitrary field element from GF(22"2) for 

panel selection and 'octaves by 2' control is also a 

polynomial: 
O(x) = 

02n2_ 1. X2n2 + ... + O1 . X + 00 

where oi2 e GF(2) 

If oi, = 1 then: 

(a) the previously set elements are prepared for lighting 
only in planes Fi2 

(b) the previously set tones are ready for activation only 
in oi2 'octaves by 2'. 

For this particular object (Fig. 9) I had: 

n=4,m= 10 

a4 a3 = ao ;a2 = al = 0 (irreducible and 
primitive) 

01111010110 
0011110101 
1110101100 4x 10 

DI = [0 , ...,255] 

D3 = [512, ..., 767] 

0 < rj < 15 (decimal) 

[256, ..., 511 ] 

[768, ..., 1023] 

v = 2, nt = 4, n2 = 2 

M=[I, 1]2x4 

h < 0 < 3 (decimal) 

T2nl (x)= x16 + x12 + x3 -+ + 1 (irreducible and 
primitive) 

4 

02n2 (X)= S Oi Xi 

i --0 

(variable) 

The frequencies of the tones in the four planes 
are listed in Table 1 in the main text. 
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Top, left: Vladimir Bonacic, View of part of a pattern generated by 'Dynamic Object GF.E (16, 4) 
69/71', flashing lights controlled by a computer program, 178 x 178 x 20 cm., 1969-71. (Fig. 6, 

cf. page 195.) 
Top, right: Howard Woody, 'Twin Trail', two units, Nylon seine twine, four 40 in. Neoprene balloons, 

two red aniline-dye smoke cannisters, 1972. (Fig. 4, cf. page 210.) 
Bottom, left: Nino Calos, Lumino-kinetic mural panel, Lumidyne system, 2.80 x 12.00 m., 1972-73. 
(In the St. Antoniushove Hospital, Leidschendam, The Hague, Holland.) (Photo: Lighting Review, 

Amsterdam, Holland.) (Fig. 1, cf. page 253.) 
Bottom, right: William Vazan, 'Rainbow Grounded', acrylic on Masonite slats placed on a rock 

outcropping, 1968-72. (Fig. 1, cf. page 203.) 
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